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a b s t r a c t
We construct general nonstandard finite-difference (NSFD) schemes that provide explicit
methods for first-order differential equations with three fixed-points y′(t) = ± y(y −
α)(y − 1) where 0 ≤ α ≤ 1. For y ≥ 0, these methods, regardless of the step-size
chosen, are stable with respect to the monotonicity of solutions and are elementary stable.
That is, they preserve the critical properties of the original differential equation such as the
positivity of the solutions, the stability behavior of all fixed-points, and the monotonicity
of solutions within each subinterval (0, α), (α, 1), and (1,∞).
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Nonstandard finite-difference (NSFD) methods are increasingly being applied to the numerical integration of differential
equations [1,2]. Their use is mainly based on the fact that they are very effective in preserving certain qualitative properties
of the original differential equations [1–3]. For example, the decay differential equation models a variety of phenomena in
natural and engineering sciences [4–7]. This equation takes the form
y′(t) = −ay, y(t0) = y0, a > 0,
and has the general solution y(t) = y0e−a(t−t0). The corresponding exact finite-difference scheme is [3]
∆yk
φ(h)
= −ayk,
where, φ(h) = (1− e−ah)/a,∆yk ≡ yk+1 − yk, and
h = ∆t, tk = hk, yk = y(tk).
This exact scheme is an NSFD scheme because the denominator function φ(h) is not h, the step-size used in most of the
standard finite-difference schemes. For more details and examples illustrating this concept please see Mickens [3].
Consider the autonomous differential equation
y′ = f (y), y(t0) = y0, (1)
with the finite-difference equation of the form
yk+1 = F(h; yk). (2)
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The method (2) is called elementary stable, if, for any value of the step-size h, the linear stability of each fixed point y∗ of
system (1) is the same as the stability of y∗ as a fixed point of the discrete method (2). For the differential equation (1),
every solution is either increasing or decreasing on the whole interval [t0,∞). The increasing and decreasing solutions are
separated by fixed-points. The finite-differencemethod (2) is stable with respect to the property ofmonotonicity of solutions
if for every y0 ∈ R the solution (yk) of (2) is an increasing or a decreasing sequence accordingly as the solution y(t) of Eq.
(1) is increasing or decreasing [8].
For one-dimensional differential equations, Anguelov and Lubuma [8] provided the criteria for finite-difference schemes
to preserve qualitative properties of hyperbolic and nonhyperbolic fixed-points and the monotonicity of solutions. Assume
that the function F(h, y) in (2) has continuous derivatives with respect to both variables h and y and satisfies
F(0; y) = y and ∂F
∂h
(0; y) = f (y). (3)
Their results are stated in the following theorem.
Theorem 1 ([8]). If the difference scheme (2) satisfies
∂F
∂y
(h; y) ≥ 0 for h > 0, (4)
and for every h > 0 the equations y = F(h; y) and f (y) = 0 in y have the same roots with their multiplicity, then the difference
scheme (2) is (i) elementary stable and (ii) stable with respect to monotonicity of solutions.
Note that the theorem is valid for all y ∈ R. The condition (4) seems simple but it is not easily achieved. For example, for
the logistic equation
dy
dt
= y− y2
and the combustion equation
dy
dt
= y2 − y3, (5)
the following finite-difference equations that satisfy the two assumptions (3) and (4) were given in [8]:
∆yk
φ(h)
= yk − [θy2k + (1− θ)ykyk+1], θ ≤ 0, (6)
and
∆yk
φ(h)
= [ay2k + (1− a)ykyk+1] − [by3k + (1− b)y2kyk+1], (7)
where
a ≥ 1, b < −1
2
, and 0 < φ(h) < −2b+ 1
a2
.
These two schemes (6) and (7) preserve the elementary stable property and the monotonicity of solutions property of their
corresponding differential equations.
In this article, the first-order differential equation having constant coefficients with three fixed-points are considered.
They can be written in the following standard form
y′ = y(y− α)(y− 1),
= y3 − (1+ α)y2 + αy, 0 ≤ α ≤ 1, (8)
or
y′ = −y(y− α)(y− 1)
= −y3 + (1+ α)y2 − αy, 0 ≤ α ≤ 1. (9)
Eq. (9) becomes the combustion Eq. (5) when α = 0. Our interest in determining nonstandard finite-difference schemes
for first-order ODEs having one, two or three distinct fixed-points is that a broad range of phenomena in the natural and
engineering sciences can be modeled by such differential equations [3,5–7]. And since in many cases, the variable y is
nonnegative, we will only consider the equations for y ≥ 0.
The differential equation (8) possesses the following qualitative properties: (i) the intervals (0, α), (α, 1), and (1,∞) are
positively invariant; (ii) if y(t0) ∈ (0, α) or y(t0) ∈ (1,∞), the solution y(t) is monotone increasing and if y(t0) ∈ (α, 1),
the solution y(t) is monotone decreasing; and (iii) the fixed-point α is stable and the fixed-points 0 and 1 are unstable. For
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the negative Eq. (9), property (i) is still true, but properties (ii) and (iii) are the opposite that y(t) is decreasing in (0, α) and
in (1,∞) and increasing in (α, 1), and that α is unstable and 0 and 1 are stable. If a difference scheme for Eq. (8) (or Eq. (9))
is elementary stable and stable with respect to the monotonicity of solution, than the solutions from the scheme also satisfy
the above three qualitative properties [8].
In [9], an NSFD scheme for Eq. (9) that is elementary stable and preserves positivity of solutions was given. In this
manuscript,we extend the previous results and constructmore general NSFD schemes for the twodifferential Eqs. (8) and (9)
and the schemes are elementary stable and stable with respect to the monotonicity of solutions for y ≥ 0. The schemes are
constructed so that the difference equations preserve the positivity of solutions (the set [0,∞) for y is positively invariant).
In Section 2, we construct a general NSFD scheme for (8). In Section 3, the NSFDmethod in [9] for differential equation (9) is
revisited and we construct more general schemes for Eq. (9). Finally, in Section 4, we discuss our results and provide several
general comments on related issues for future study.
2. General NSFD method for (8)
In this section, we construct general NSFD schemes for the differential equation (8). The scheme is given as follows:
∆yk
φ
= y2k[(θ2 + 1)yk − θ2yk+1] − (1+ α)yk[(θ1 + 1)yk+1 − θ1yk] + α[(θ0 + 1)yk − θ0yk+1], (10)
where φ = h+ O(h2) and θi ≥ 0 for i = 0, 1, 2. The motivation for the construction is to ensure the set [0,∞) is positively
invariant. In other words, the construction guarantees that the scheme preserves the positivity of solutions. We are able to
find sufficient condition such that the scheme (10) has the stability stated in (i) and (ii) of Theorem 1. The main results are
stated in the following theorem.
Theorem 2. If
3θ0 + 2θ0θ2 + 2θ1 + 2θ21 − θ2 ≥ 0, (11)
then the difference scheme (10) is stable with respect to monotonicity of solutions and is elementary stable on the positively
invariant interval [0,∞).
Proof. It is not difficult to see that the difference Eq. (10) and the differential equation (8) share the same fixed-points. The
difference Eq. (10) can be written as
yk+1 = F(φ; yk),
where
F(φ; y) = y+ φf (y)
1+ φg(y) , (12)
f (y) = y(y− α)(y− 1), and g(y) = θ2y2 + (1+ θ1)(1+ α)y+ αθ0.
The partial derivative of F(φ; y) is
∂F
∂y
= (1+ φg)
2 + φf ′ + φ2(f ′g − fg ′)
(1+ φg)2 .
The denominator of ∂F/∂y is positive. The numerator is
θ2(1+ θ2)φ2y4 + 2(1+ θ2)(1+ θ1)(1+ α)φ2y3 + (θ2 + 2)φy2
+ [α(3θ0 + 2θ0θ2 + 2θ1 + 2θ21 − θ2)+ θ1(1+ α2)(1+ θ1)]φ2y2
+ 2φθ1(1+ α)(1+ αφθ0)y+ (1+ αφ + αφθ0),
which is nonnegative provided condition (11) is satisfied since all parameters and variables are assumed nonnegative. 
We see from the proof that the condition (11) can be relaxed to simply the nonnegativity of the coefficient of φ2y2:
α(3θ0 + 2θ0θ2 + 2θ1 + 2θ21 − θ2)+ θ1(1+ α2)(1+ θ1) ≥ 0,
but since we are looking for a ‘‘universal’’ scheme that is independent of φ, y, and α, condition (11) is a better (and more
conservative) choice.
When θ0 = θ1 = θ2 = 0, the condition (11) is automatically satisfied. Then a simple NSFD scheme for (8) can be found.
Corollary 1. For y ≥ 0, the finite-difference scheme
∆yk
φ
= y3k − (1+ α)ykyk+1 + αyk,
where φ = h+O(h2), for the differential equation (8), is elementary stable and is stable with respect to monotonicity of solutions.
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3. General NSFD method for (9)
In this section, we construct general NSFD schemes for the differential equation (9).
They are as follows:
∆yk
φ
= −y2k[(θ2 + 1)yk+1 − θ2yk] + (1+ α)yk[(θ1 + 1)yk − θ1yk+1] − α[(θ0 + 1)yk+1 − θ0yk], (13)
where φ = h+ O(h2) and θi ≥ 0 for i = 0, 1, 2. When α = 0, θ1 = a− 1, and θ2 = −b, we obtain the finite difference Eq.
(7) for the combustion Eq. (5).
Theorem 3. If
2θ2 − 1 ≥ 0, (14)
then the difference scheme (13) for the differential equation (9) is stablewith respect tomonotonicity of solutions and is elementary
stable on the positively invariant interval [0,∞).
Proof. The difference Eq. (13) and the differential Eq. (9) share the same fixed-points. The Eq. (13) can be written as
yk+1 = F(φ; yk),
where F(φ; y) is as in (12) with
f (y) = −y(y− α)(y− 1) and g(y) = (θ2 + 1)y2 + θ1(1+ α)y+ α(θ0 + 1).
Similar to the proof of Theorem 2, the denominator of ∂F/∂y is positive. The numerator is
θ2(1+ θ2)φ2y4 + 2θ1θ2(1+ α)φ2y3 + (2θ2 − 1)φy2
+ [α(3θ2 + (2θ2 − 1)θ0 + 2θ1 + 2θ21 )+ θ1(1+ α2)(1+ θ1)]φ2y2
+ 2φ(1+ α)(1+ θ1)(1+ αφ + αφθ0)y+ (1+ αφθ0)(1+ αφ + αφθ0), (15)
which is always nonnegative if 2θ2 − 1 ≥ 0 since all parameters and variables are nonnegative. 
In an earlier paper, we [9] showed an NSFD scheme for Eq. (9) that is explicit and the stabilities of the fixed-points of the
finite-difference equation are the same as that of the differential equation. The finite-difference scheme
∆yk
φ
= y3k − 2yk+1y2k + (1+ α)y2k − αyk+1,
where φ = h+ O(h2), is an NSFD method for Eq. (9). This is a special case of Theorem 3.
When θ0 = θ1 = θ2 = 0, the condition (14) is not satisfied. But we obtain a simple NSFD scheme for (8)
∆yk
φ
= −yk+1y2k + (1+ α)y2k − αyk+1. (16)
In this case yk+1 can be solved explicitly:
yk+1 = (1+ αφyk + φyk)yk1+ αφ + φy2k
and
∂F
∂y
= −φy
2 + 2(1+ α)(1+ αφ)φy+ (1+ αφ)
(1+ αφ + φy2)2 .
The partial derivative ∂F/∂y could become negative if y is large enough. Therefore, although the scheme (16) is elementary
stable which can be easily verified, it is not stable with respect to the monotonicity of solutions.
The combustion finite difference Eq. (7) is stable for all y ∈ R. Since the finite difference Eq. (13) is stable for y ≥ 0 only,
there is less restriction on the parameters, 2θ2 ≥ 1 or equivalently in (7), b ≤ −1/2.
4. Conclusion
We have presented NSFD schemes for general first-order ODEs with constant coefficients and having three fixed-points.
In standard form such an equation takes the form of either Eq. (8) or Eq. (9). The schemes are elementary stable and stable
with respect to the monotonicity of solutions; they produce solutions satisfying the two stability properties as the solutions
to the differential equations. Furthermore, these schemes are calculationally explicit.
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The general problem of deriving exact finite-difference schemes for a first-order ODE with n fixed-points, where n ≥ 4,
may be very difficult andmight not be of practical value for the purpose of numerical integration of the associated differential
equation. Thus, it will be of mathematical value to study the construction of NSFD methods for this situation. In this case,
the equation takes the form
y′(t) = λ
n∏
i=1
(y− yi),
and corresponds to a first-order, nonlinear ODE having n fixed-points. For this equation, some results have been carried out
by the author [10]. However, it is not yet known whether the solutions in [10] for this equation are stable with respect to
monotonicity of solutions.
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